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QAOA: (Quantum Approximate Optimization Algorithm)

Outline

• Why?

• What is it.

• Future work.
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Applications

Quantum computers can theoretically solve some problems much
faster than classical computers.

Which problems?

Traditional answer:

• Shor’s algorithm for factoring.
• Grover’s algorithm for search.
• Physics and chemistry simulations.
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What are the resources for factoring on a quantum
computer?

Without error correction, the algo-
rithm needs maybe five thousand
qubits to factor cryptographically
significant numbers.

With error correction, it goes up to
nearly a million.

Periodicity Finding:
Computational
Di↵raction Grating

And it needs hundreds of millions of gates.
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Near-Term Quantum Algorithms

• Algorithms need to run on small quantum computers.
• They should solve useful problems.
• They shouldn’t need extensive error correction.
• They shouldn’t need enormous numbers of qubits.
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The QAOA is low-depth. This means it shouldn’t need too much
coherence. Some results indicate it is fairly robust to errors.
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Near-Term Quantum Algorithms

• Algorithms need to run on small quantum computers.
• They should solve useful problems.
• They shouldn’t need extensive error correction.
• They shouldn’t need enormous numbers of qubits.

The QAOA is low-depth. This means it shouldn’t need too much
coherence. Some results indicate it is fairly robust to errors.

How many qubits? It essentially needs enough qubits to store
the problem. This makes it infeasible in the near term for large
problems, but it seems hard to see how you could do better.
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Pauli matrices:

The Pauli matrices are:

�x =

 
0 1
1 0

!

�y =

 
0 �i
i 0

!

�z =

 
1 0
0 �1

!

Be careful: these matrices are both unitary and Hermitian, so
they can represent either quantum gates or quantum measure-
ments.
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Adaptable Algorithms

Industry needs optimization algorithms that work well and that
don’t require too much time spent by expert researchers to adapt
them to specific problems.
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Adaptable Algorithms

Industry needs optimization algorithms that work well and don’t
require too much time spent by expert researchers to adapt them
to the problem.

Classical examples:

• genetic algorithms (1970s).
• simulated annealing (1983).

Theoretical computer scientists can usually improve on the per-
formance of these algorithms in practice for any specific problem.
But there are way too many problems and too few good theo-
retical computer scientists.

10



Adaptable Algorithms

Industry needs optimization algorithms that work well and don’t
require too much time spent by expert researchers to adapt them
to the problem.

Classical examples:

• genetic algorithms (1970s).
• simulated annealing (1983).
• deep learning (2000s).

For many problems, deep learning seems to do better than the
best algorithms that theoretical computer scientists can come
up with.
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What is the QAOA?

We explain by giving the example of MAX-CUT (the prime ex-
ample in the original paper).
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What is MAX-CUT?

Suppose we have a graph.

Vertices: v1, . . . , vn. Edge set: E = {(j, k)| edge between j and k.}

We would like to divide the graph into two parts so as to maxi-
mize the number of edges between the halves.
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How does QAOA work on this problem?

We have a qubit for each vertex of the graph. We would like
adjacent qubits to be in di↵erent halves of the partition.

Recall �zi =
✓

1 0
0 �1

◆
.

Measure the state in the �z basis. We use the eigenvalue of �zi
to decide which half of the partition to put vertex i into.

We want as many edges as possible to be in di↵erent halves, so
we want to make �zj�

z
k = �1 for as many edges (j, k) as possible.
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MAX CUT restated

Recall we wanted �zj�
z
k to be �1 for as many edges (j, k) as

possible. Restating the problem:

maxC =
X

(j,k)2E
C(j,k).

where

C(j,k) =
1

2
(��zj�zk +1)
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Idea of QAOA

We have a qubit for each vertex of our graph. We start with
the graph in an equal superposition of all possible partitions. We
will apply a sequence of unitary operators to the set of qubits,
and then measure the resulting state in the z-basis. Each qubit
yields a value of ±1. We use these values to assign a partition
to the graph.

We try to find a sequence of unitary operators that maximizes
the expected value of our cut.
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Which operators?

We apply an alternating sequence of operations to our state | i:

U(B,�p)U(C, �p)U(B,�p�1) . . . U(B,�1)U(C, �1) | i .

Here �j and �j are angles that tell us how long to apply the
operators:

U(C, �) = e�i�C.

The operator B is a sum of operators for each vertex. The
operator C is a sum of operators for each edge.

The vector (�1,�1, �2, . . . , �p,�p) needs to be optimized to yield
the best results.
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Idea behind QAOA

The idea is that if you use a produce of p operators,

U(B,�p)U(C, �p)U(B,�p�1) . . . U(C,�1)U(C, �1) | i .

the expected value for edge (j, k) only depends on the structure
of the graph within p edges of i and j. This graph has radius p.
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Operators for MAX-CUT

What are B and C in

U(B,�p)U(C, �p)U(B,�p�1) . . . U(C,�1)U(C, �1) | i ?

U(C, �) = e�i�C.

B is a sum of operators for each vertex: B =
P

v Bv.
C is a sum of operators for each edge: C =

P
(j,k)2GCj,k.

All the B’s need to commute; all the C’s need to commute.

Farhi et al. used

Bv = �xv , Cj,k = �zj ⌦ �zk .

20



Idea behind QAOA

If the degree of the graph is bounded, there are only a finite
number of possible graphs of radius p. So you can maximize the
performance of the algorithm over these.

If you can know the probability dis-
tribution on the structure of these
subgraphs, you can (theoretically)
find a schedule that optimizes the
expected MAX CUT over all algo-
rithms of this form.

Subgraph of radius 2
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QAOA on degree 3 gr¡aphs

Suppose we take p = 1. Then there are only three types of
subgraphs we need to consider.

Optimizing the parameters for p = 1 gives an approximation
ratio of 0.6924, better than the naive algorithm (of choosing a
random partition), which gives an approximation ration of 2

3.
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What is needed.

In the original paper, the optimum sequence of operators for
p = 1 was found by hand. We need automated methods for
finding a good sequence of operators.

Will gradient descent work? This seems to work very well for
deep learning. Will it work for QAOA? Some preliminary studies
have been done, and more are underway. The answer is still
unclear.

Is there a quantum algorithm for solving this gradient descent
problem to find a good sequence of operators?
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Challenges for QAOA

Find a problem where it works better than the best known clas-
sical algorithm. (Farhi et al. had this for a few months, but then
a bunch of theoretical computer scientists showed how to do just
as well classically.)

Experimentally investigate how well it works in practice.
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Challenges for QAOA

QAOA seems a promising technique for optimization problems
that have purely local constraints.

Real optimization problems may need to deal with global con-
straints. (For example, the traveling salesman problem.)

Theoretically, you can turn any optimization problem with global
constraints into one with purely local constraints, but this will
increase the overhead.
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